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Construction on Griesmer Codes with Dimension Not Less than
Five
Wen Ma∗ Jinquan Luo †
Abstract: In this paper we construct new Griesmer codes of dimension k ≥ 5 by means of some
geometric methods such as projective dual and geometric puncturing.
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1 Introduction
We denote by Fnq the vector space of n-tuples over Fq, the field of q elements. The weight of a vector
c ∈ Fnq , denoted by ωt(c), is the number of nonzero coordinate positions in c. An [n, k, d]q code C is a
Fq-linear subspace of F
n
q with dimension k and minimum (Hamming) distance d.
A fundamental problem in coding theory is to determine nq(k, d), the minimum value of n for which
there exists an [n, k, d]q code for given q, k and d, see [2,3]. The values of nq(k, d) are determined for all
d only for some small values of q and k [4,6]. As a lower bound on nq(k, d), the Griesmer bound (see [1])
states that:
n ≥ gq(k, d) =
k−1∑
i=0
⌈d/qi⌉,
where ⌈x⌉ is the ceiling function. The code C is called Griesmer if it attains the Griesmer bound.
The main aim of this paper is to construct new Griesmer codes of dimension k > 5, which are depicted
as follows.
Theorem 1. There exists [gq(k, d), k, d]q code for (k−3)q
k−1−3qk−2+qk−3−q2+q ≤ d ≤ (k−3)qk−1−
3qk−2 + qk−3 with k ≥ 5 and q ≥ k − 2.
Theorem 2. There exists [gq(k, d), k, d]q code for (k − 2)qk−1 − 5qk−2 + 2qk−3 − q2 + q ≤ d ≤ (k −
2)qk−1 − 5qk−2 + 2qk−3 with k ≥ 5 and q ≥ max{5, k − 2}.
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2 Preliminaries
We denote by PG(r, q) the projective space of dimension r over Fq . A j-flat is a projective subspace
of dimension j in PG(r, q). The 0-flats, 1-flats and (r − 1)-flats in PG(r, q) are called points, lines, and
hyperplanes respectively. We denote by θj the number of points in a j-flat, i.e., θj =
qj+1−1
q−1 .
Let C be an [n, k, d]q code with full support, i.e., there is no coordinate in which all the codewords
have entries 0. The columns of a generator matrix of C can be considered as a multiset of n points in
Σ = PG(k− 1, q), denoted by MC. An i-point is a point of Σ which has multiplicity i in MC. Denote by
γ0 the maximum multiplicity of a point from Σ in MC . Let Ci be the set of i-points in Σ, 0 ≤ i ≤ γ0.
Let λi = |Ci|, where |Ci| denotes the number of elements in the set Ci. For any subset S of Σ, the
multiplicity of S with respect to MC , denoted by mC(S), is defined as mC(S) =
∑γ0
i=0 i · |S ∩ Ci|. Then
we obtain the partition Σ =
⋃γ0
i=0 Ci such that n = mC(Σ) and
n− d = max{mC(pi) | pi ∈ Fk−2},
where Fj denotes the set of j-flats of Σ. Conversely, such a partition Σ =
⋃γ0
i=0 Ci as above gives an
[n, k, d]q code in a natural manner. Denote by ai the number of hyperplanes with multiplicity i in Σ. The
list of the values ai is called the spectrum of C. An [n, k, d]q code is called m-divisible if all codewords
have weights divisible by integer m > 1.
Lemma 3. ([9]). Let C be an m-divisible [n, k, d]q code with q = ph, p prime, whose spectrum is
(an−d−(ω−1)m, an−d−(ω−2)m, · · · , an−d−m, an−d) = (αω−1, αω−2, · · · , α1, α0),
where m = pr for some 1 ≤ r ≤ h(k − 2) satisfying λ0 > 0 and
⋂
H∈Fk−2,mC(H)<n−d
H = ∅.
Then there exists a t-divisible [n∗, k, d∗]q code C∗ with t = qk−2/m, n∗ =
∑ω−1
j=0 jαj = ntq −
d
m
θk−1,
d∗ = ((n− d)q − n)t whose spectrum is
(an∗−d∗−γ0t, an∗−d∗−(γ0−1)t, · · · , an∗−d∗−t, an∗−d∗) = (λγ0 , λγ0−1, · · · , λ1, λ0).
Note that a generator matrix for C∗ is given by considering (n− d − jm)-hyperplanes as j-points in
the dual space Σ∗ of Σ for 0 ≤ j ≤ ω− 1, see [9]. The code C∗ is called a projective dual of C, see [3] and
[10].
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Lemma 4. ([11],[12]). Let C be an [n, k, d]q code and let
⋃γ0
i=0 Ci be the partition of Σ = PG(k − 1, q)
obtained from C. If
⋃
i≥1 Ci contains a t-flat ∆ and if d > q
t, then there exists an [n− θt, k, d
′
]q code C
′
with d
′
≥ d− qt.
The code C
′
in Lemma 4 can be constructed from C by removing the t-flat ∆ from the multiset MC .
In general, the method for constructing new codes from a given [n, k, d]q code by deleting the coordinates
corresponding to some geometric object in PG(k − 1, q) is called geometric puncturing [11].
The following results are known for k = 5.
Theorem 5. ([15]). There exists [gq(5, d), 5, d]q code for 2q
4 − 3q3 + q ≤ d ≤ 2q4 − 3q3 + q2 and q ≥ 3.
Theorem 6. ([15]). There exists [gq(5, d), 5, d]q code for 3q
4 − 5q3 + q2 + q ≤ d ≤ 3q4 − 5q3 + 2q2 and
q ≥ 5.
In this paper, we generalize these two results to the case k > 5, see Theorems 1 and 2.
3 Proof of Theorems 1 and 2
A set S of s points in PG(r, q), r ≥ 2, is called an s-arc if no r+ 1 points are on the same hyperplane,
see [13] and [14] for more knowledge on arcs. One can take a normal rational curve as a (q+1)-arc when
q ≥ r, see [14]. We first assume k ≥ 4 and q ≥ k − 2. Let H be a hyperplane of Σ = PG(k − 1, q). Take
a (q + 1)-arc K = {P0, P1, · · · , Pq} in H and a line l0 = {P0, Q1, · · · , Qq} of Σ not contained in H and
meeting H at the point P0. Let li be the line joining Pi and Qi for 1 ≤ i ≤ q. Setting C1 = (∪
q
i=1li) \ l0,
Cq−1 = {P0}, C0 = Σ \ (C1 ∪ Cq−1), we get the following.
Lemma 7. ([15]) For k ≥ 4, q ≥ k − 2, a q-divisible [q2 + q − 1, k, q2 − (k − 3)q]q code exists.
Lemma 8. There exists a q-divisible [q2 + 2q − 1, k, q2 − (k − 4)q]q code C1 with
a(k−2)q−1 =
(
q
k − 4
)
+
(
q
k − 3
)
.
Proof. For any k ≥ 6 and a primitive element α ∈ F∗q , take a normal rational curve K = {P0, P1, · · · , Pq}
with
P0(1, 0, · · · , 0, 0, 0), Pi(1, αi, α2i, · · · , α(k−3)i, α(k−2)i, 0) for 1 ≤ i ≤ q − 1, Pq(0, 0, · · · , 0, 1, 0)
and the line l0 = {P0, Q1, · · · , Qq} with
Qi(1, 0, · · · , 0, αi) for 1 ≤ i ≤ q − 1, Qq(0, 0, · · · , 0, 1).
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Note that K ⊆ H = [0, 0, · · · , 0, 1], where [a0, a1, · · · , ak−1] stands for the hyperplane in PG(k − 1, q)
defined by the equation a0x0 + a1x1 + · · ·+ ak−1xk−1 = 0. Let Hi1i2···ik−3 be the (k − 2)-flat containing
li1 , li2 , · · · , lik−3 for 1 ≤ i1 < i2 < · · · < ik−3 ≤ q. Take the point Q(0, 1, 0, · · · , 0, 1) and the plane
δ0 =< l0, Q >, where < χ1, χ2, · · · > denotes the smallest flat containing χ1, χ2, · · · . For any point
P (a, b, 0, · · · , 0, c) ∈ δ0, the (k − 2)-flat
Hi1i2···ik−4q =
[
0, (−1)k−4α
k−4∑
t=1
it
, (−1)k−5
∑
1≤s1<s2<···<sk−5≤k−4
αis1+···+isk−5 ,
(−1)k−6
∑
1≤s1<s2<···<sk−6≤k−4
αis1+···+isk−6 , · · · , (−1)
k−4∑
t=1
αit , 1, 0, 0
]
contains P if and only if b = 0, i.e., P ∈ l0 for 1 ≤ i1 < i2 < · · · < ik−4 ≤ q− 1. Similarly, the (k− 2)-flat
Hi1i2···ik−3 =
[
0, (−1)k−3α
k−3∑
t=1
it
, (−1)k−4
∑
1≤s1<s2<···<sk−4≤k−3
αis1+···+isk−4 , · · · , (−1)
k−3∑
t=1
αit , 1, 0
]
contains P if and only if P ∈ l0 for 1 ≤ i1 < i2 < · · · < ik−3 ≤ q − 1. Therefore, Hi1i2···ik−3 ∩ δ0 = l0 for
1 ≤ i1 < i2 < · · · < ik−3 ≤ q and no (k − 2)-flat with multiplicity ((k − 2)q − 1) contains Q. Hence we
get a q-divisible [q2 + 2q − 1, k, q2 − (k − 4)q]q code by adding Q as a q-point, say C1. The (k − 2)-flats
with multiplicity ((k − 2)q − 1) consist of
(i) the
(
q
k−4
)
many (k − 2)-flats < li1 , li2 , · · · , lik−4 , Q >, 1 ≤ i1 < i2 < · · · < ik−4 ≤ q,
(ii) the
(
q
k−3
)
many (k − 2)-flats Hi1i2···ik−3 , 1 ≤ i1 < i2 < · · · < ik−3 ≤ q.
Hence a(k−2)q−1 =
(
q
k−4
)
+
(
q
k−3
)
.
Considering the (k − 2)-flats with multiplicity ((k − 2 − j)q − 1) in Σ as j-points in Σ∗ for j =
0, 1, 2, · · · , k − 3, we get the following qk−3-divisible code C∗1 as a projective dual of C1.
Lemma 9. There exists a qk−3-divisible [2qk−1− qk−2 +1+ (k− 5)θk−1, k, (k− 3)qk−1− 3qk−2 + qk−3]q
code C∗1 .
Lemma 10. The multiset MC∗
1
contains (q − 1) disjoint lines.
Proof. Note that the points with multiplicity 0 for C∗1 are the (k−2)-flats with multiplicity ((k−2)q−1)
for C1. Since l∗0 is contained in Hi1i2···ik−3 and < li1 , li2 , · · · , lik−4 , Q > in Σ, the (k − 3)-flat l
∗
0 contains
exactly
(
q
k−4
)
+
(
q
k−3
)
many points with multiplicity 0 in Σ∗. Hence the number of points with multiplicity
i ≥ 1 on l∗0 is θk−3 −
(
q
k−4
)
−
(
q
k−3
)
≥ q− 1. Recall that the (k− 3)-flat l∗0 is contained in the (k− 2)-flats
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P ∗0 and Q
∗
1, · · · , Q
∗
q in Σ
∗. One can take q − 1 skew lines in the (k − 2)-flat Q∗1 containing no point with
multiplicity 0 in Σ∗.
Setting C1 = (∪
q−1
i=1 li) \ l0, Cq−1 = {P0, Qq}, Cq = {Pq}, C0 = Σ \ (C1 ∪ Cq−1 ∪ Cq), we get the
following.
Lemma 11. ([15]) For k ≥ 4, q ≥ k − 2, a q-divisible [q2 + 2q − 2, k, q2 − (k − 3)q]q code exists.
Lemma 12. There exists a q-divisible [q2 + 3q − 2, k, q2 − (k − 4)q]q code C2 with
a(k−1)q−2 =
(
q − 1
k − 3
)
+ 2
(
q − 1
k − 4
)
+
(
q − 1
k − 5
)
. (b)
Proof. For any k ≥ 6, take the (q + 1)-arc K and the line l0 as for C1. Similarly to the situation for
constructing C1, no (k − 2)-flat with multiplicity ((k − 1)q − 2) contains Q. Therefore, adding Q as a
q-point we get a q-divisible [q2+3q− 2, k, q2− (k− 4)q]q code, say C2. The (k− 2)-flats with multiplicity
((k − 1)q − 2) contain
(i) the
(
q−1
k−5
)
many (k − 2)-flats < l0, li1 , li2 , · · · , lik−5 , Pq, Q > with 1 ≤ i1 < i2 < · · · < ik−5 ≤ q − 1,
(ii) the
(
q−1
k−4
)
many (k − 2)-flats < li1 , li2 , · · · , lik−4 , Q > with 1 ≤ i1 < i2 < · · · < ik−4 ≤ q − 1,
(iii) the
(
q−1
k−4
)
many (k − 2)-flats < li1 , li2 , · · · , lik−4 , Pq > with 1 ≤ i1 < i2 < · · · < ik−4 ≤ q − 1,
(iv) the
(
q−1
k−3
)
many (k − 2)-flats < li1 , li2 , · · · , lik−3 > with 1 ≤ i1 < i2 < · · · < ik−3 ≤ q − 1.
Then a(k−1)q−2 =
(
q−1
k−3
)
+ 2
(
q−1
k−4
)
+
(
q−1
k−5
)
.
Considering the (k − 2)-flats with multiplicity ((k − 1 − j)q − 1) in Σ as j-points in Σ∗ for j =
0, 1, 2, · · · , k − 2, one has the following qk−3-divisible code C∗2 as a projective dual of C2.
Lemma 13. There exists a qk−3-divisible [3qk−1−2qk−2+1+(k−5)θk−1, k, (k−2)qk−1−5qk−2+2qk−3]q
code C∗2 .
Lemma 14. The multiset MC∗
2
contains (q − 1) disjoint lines.
Proof. Note that the points with multiplicity 0 for C∗2 are the (k − 2)-flats with multiplicity ((k −
1)q − 1) for C2. Since l∗0 is contained in Hi1i2···ik−3 , < Hi1i2···ik−4 , Pq >, < Hi1i2···ik−5 , Pq, Q, l0 > and
< Hi1i2···ik−4 , Q > in Σ, the (k − 3)-flat l
∗
0 contains exactly
(
q−1
k−3
)
+ 2
(
q−1
k−4
)
+
(
q−1
k−5
)
many points with
multiplicity 0 in Σ∗. Hence the number of points with multiplicity i ≥ 1 on l∗0 is θk−3 −
(
q−1
k−3
)
− 2
(
q−1
k−4
)
−(
q−1
k−5
)
≥ q − 1. Recall that the (k − 3)-flat l∗0 is contained in the (k − 2)-flats P
∗
0 and Q
∗
1, · · · , Q
∗
q in Σ
∗.
One can take q − 1 skew lines in the (k − 2)-flat Q∗1 containing no point with multiplicity 0 in Σ
∗.
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Proof of Theorem 1
Starting with the code C∗1 , by Lemma 10 and applying Lemma 4 repeatedly, we get the following.
Fact1. There exists [2qk−1 − qk−2 + 1+ (k − 5)θk−1 − s(q + 1), k, (k − 3)qk−1 − 3qk−2 + qk−3 − sq]q
code for every k ≥ 6 and 1 ≤ s ≤ q − 1.
By puncturing these divisible codes, we obtain the following.
Fact2. There exists [gq(k, d), k, d]q code for (k− 3)qk−1 − 3qk−2 + qk−3 − q2 + q ≤ d ≤ (k− 3)qk−1 −
3qk−2 + qk−3 for every k ≥ 6 and q ≥ k − 2.
Combining Fact2 with Theorem 5 for k = 5 yields Theorem 1. 
Proof of Theorem 2
Starting with the code C∗2 , by Lemma 14 and applying Lemma 4 repeatedly, we get the following.
Fact3. There exists [3qk−1− 2qk−2+1+ (k− 5)θk−1− s(q+1), k, (k− 2)qk−1− 5qk−2 +2qk−3− sq]q
code for every k ≥ 6 and 1 ≤ s ≤ q − 1.
By puncturing these divisible codes, we obtain the following.
Fact4. There exists [gq(k, d), k, d]q code for (k− 2)qk−1− 5qk−2+2qk−3− q2+ q ≤ d ≤ (k− 2)qk−1−
5qk−2 + 2qk−3 for every k ≥ 6 and q ≥ max{5, k − 2}.
Combining Fact4 with Theorem 6 for k = 5 yields Theorem 2. 
Example 15. Take q = 4 and k = 6. Then we can get Griesmer codes with parameters in Table 1 by
Theorem 1.
Table 1:
n = g4(6, d) d
3158 2368
3157 2367
3156 2366
3155 2365
3153 2364
3152 2363
3151 2362
3150 2361
3148 2360
3147 2359
3146 2358
3145 2357
3143 2356
Example 16. Take q = 5 and k = 6. Then we can get Griesmer codes with parameters in Table 2 by
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Theorem 2.
Table 2:
n = g5(6, d) d
12032 9625
12031 9624
12030 9623
12029 9622
12028 9621
12026 9620
12025 9619
12024 9618
12023 9617
12022 9616
12020 9615
12019 9614
12018 9613
12017 9612
12016 9611
12014 9610
12013 9609
12012 9608
12011 9607
12010 9606
12008 9605
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